INTRODUCTION
There is much recent theoretical and experimental interest in the propagation of lower hybrid (LH) waves in tokamaks. In particular, LH waves have been utilized experimentally'-8 for electron and ion plasma heating, for the sustainment and rampup of the toroidal plasma current, as well as in the stabilization of sawteeth. However, LH wave penetration is expected to be limited to the r/a >0.5 in a reactor due to the relatively high central electron temperatures and densities ' [ r,( 0) z Ti( 0) 225 keV, n,(O)>1 X lOI cmm3, and a is the minor plasma radius]. Nevertheless, LH current drive may be useful in the reactor regime in several applications dealing with current profile control. These applications"*" include current profile broadening to maintain magnetohydrodynamic (MHD) stability as well as in raising the on-axis safety factor to q(O)>2 in order to be able to access the second stability regime. Localized LH radio-frequency (rf) current generation may also be useful for the stabilization of sawteeth (m= 1) instabilities in a tokamak reactor. Thus, an accurate determination of the LH-rf current density profile is important in accessing the feasability of each of these applications. Hence the importance of studying the effects of both magnetic and density fluctuations on the propagation and absorption of LH waves.
Most recent studiesi of LH heating and current drive have used a one-dimensional radial transport code, coupled to a Fokker-Planck toroidal ray-tracing code. These computer models examine the confinement of the suprathermal electrons produced by LH current drive as well as the transport properties of the bulk electrons. Unfortunately, it is computationally prohibitive to incorporate into these codes the effects of scattering from fluctuations, even though it is well known13 that fluctuations can play a major role on LH wave propagation, accessibility and absorption. Hence, here we shall concentrate on determining the effects of fluctuations on LH waves.
In Sec. II, the theory of Bonoli and OttI is extended to now include the effects of magnetic fluctuations in the propagation of a wave packet through a toroidal plasma. This wave kinetic equation is then solved by Monte Carlo methods for LH wave propagation in Sec. III for Alcator-C-Mod14 parameters. In Sec. IV, we connect up our wave scattering results to experimental hard x-ray data" from the JT-60 tokamak16 and find that hard x-ray emission could give information on the level of internal magnetic fluctuations in Alcator-C-Mod. In Sec. V, we summarize our results.
II. WAVE KINETIC EQUATION WITH MAGNETIC AND DENSITY FLUCTUATIONS
The wave kinetic equation of Bonoli and Otti considers wave scattering from density fluctuations only. Here, we extended this theory to also include the effects of scattering from magnetic fluctuations. From Maxwell's equations it is readily found," on Fourier transforming the wave equation, that 4033 Phys. Fluids B 4 (12), December 1992 0899-8213/92/l 24033-l 3$04.00 @ 1992 American Institute of Physics 4033 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitationnew.aip.org/termsconditions. Downloaded to Aap(k,o)Ep(k,w) = & ( [&-%dkt@') ]
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where .eas is the standard plasma dielectric tensor, and AJk,o) is defined by h&(k,w) = (c2/?/w2) (k,k,&2S&
where 6n and SB are the density and magnetic fluctuations, w, is the electron gyrofrequency, and wPe is the electron plasma frequency. Here, No and B, are the equilibrium density and magnetic field. Also, 6, is the Kronecker symbol, and eYPK is the standard Levi-Citiva symbol: + 1 for proper rotation of unrepeated subscripts, -1 for improper rotation of unrepeated subscripts, and 0 for repeated subscripts. Summation over repeated subscripts is understood. If there were no fluctuations, Eq.
(1) would reduce to
so that a wave would propagate as a normal mode in the plasma with frequency w=ok, determined by the dispersion relation det 1 A& k,ak) 1 = 0.
If the density and magnetic fluctuations are sufficiently small, one can assume that the effects of the fluctuations on the wave propagation can be determined perturbatively from the normal mode propagation: a a W=ak+iY&, with z <wk. I I
Substituting Eq. (5) into Eq. ( 1) and introducing the unit polarization vector e (k )
one finds, on contracting the resulting equation with the polarization vector e,*(k) ,
In deriving Eq. (7), the frequency shift o+w' introduced by the fluctuations is neglected since it is a second-order effect: Typically, the fluctuation frequency spectrum of interest is below 1 MHz, while the incident electromagnetic wave frequencies are above 1 GHz. Following Bonoli and Ott,13 one now introduces the wave energy density u(k)r$e: (k) a&, a(Ueptk) IElk) I2 (8) and the wave amplitude
so that, from Eq. (7), we can derive the time evolution of
Here, P is the (scalar) density coupling coefficient and is defmed by
Here, VB is the (vector) magnetic coupling coefficient.
with the tensor &f& being defined by 1 aA, !tf,fi= 2 #k x .
Assuming weak turbulence,'8 a wave kinetic equation can be derived from Eq. ( 10) in the random phase approximation by treating the coupling coefficients as small parameters. In the continuum limt, with the wave energy density t.44 -Flx,W), (14) we find 
The density wave-number spectral density S"( k-k' ) is the continuum limit of I Sn (k -k' )/No I ', and the corresponding magnetic spectral density SG( k-k' ) is the continuum limit of ISB,(k-k')SBp(k-k')/BgI. Both spectral densities have a slowly varying spatial dependence due to the inhomogeneous toroidal equilibrium. The omitted terms in Eq. (15), represented by . . . . arise from the densitymagnetic cross correlation. These effects are weak and can be neglected. Finally, (dF/dt),, is the time evolution of the wave energy density following a ray trajectory in the toroidal tokamak equilibrium, allowing for wave damping due to resonant particle electron Landau damping, resonant particle ion Landau damping as well as electronelectron and electron-ion collisional damping (9),,-(9, +Wx,W(x,k~), (16) where (dF/dt), is the conservative Lagrangian derivative following the ray.
In deriving the integral kernel of Eq. ( 15)) it has been assumed that during the wave scattering off the fluctuations both the wave frequency @k and wave parallel wave number kll are conserved. This approximation is valid provided the frequency and parallel wave number of the fluctuations are sufficiently smaller than tik and kll -and this is well satisfied for the particular case studied here: the scattering of lower hybrid waves by magnetic and density fluctuations. During the scattering process the perpendicular wave number k, is rotated through an angle p with k,*k; = k,k; cos j3.
(17)
The magnitudes of k, and k; are determined from the respective wave dispersion relation, with both like-mode and unlike-mode scattering being permitted (slow + fast or slow wave, fast + fast or slow wave).
It is convenient13 in evaluating the integrals in Eq. (15) to transform from the polar coordinates (k; ,4') to (K,@) with p=c$ '-4 , K= ]k;-k,], (18) so that the wave kinetic equation reduces to
where V, is the group velocity perpendicular to Bc: Vg = -dw,,/Jk~, K, = ] kl -ki I with k, and k; determined from the local dispersion relation. Here, P(c) is the perpendicular density fluctuation wave-number spectrum. This is related to the mean-square density fluctuations by ( (;)2) =21rj-om dCGW3.
Since little is known about the structure of internal tokamak magnetic fluctuations, we assume for simplicity an isotropic magnetic spectrum perpendicular to Be with ("2) Thus during like-mode scattering, the magnitude k, remains invariant but its direction is rotated through an angle p. The coupling coefficients V" and VB are weighted by the corresponding wave-number spectra Sn(~) and SB(~) whose argument K is just that needed for momentum conservation: K = k; -kl. Similarly for unlike-mode scattering (slow + fast wave, or fast -+ slow wave), except that now the scattered magnitude k; D acquires that value determined by the dispersion relation for that scattered mode (here o refers either to the final unlike-mode, either a slow or fast wave). Again, this scattering process can only occur provided there is momentum conservation, K,, = k;, -kl. Thus the final wave kinetic equation ( 19) can be written in the form
where we make explicit the possible mode conversion process by the summation over cr, with a=s,f denoting the slow and fast wave roots of the dispersion relation, and (23). Now F(4+p) in Eq. (23) corresponds to the increase in the wave energy density F(4) due to the scattering of waves at #+fl into 4. On the other hand, the F(4) term in Eq. (23) corresponds to the attenuation in the wave energy density F(4) due to wave scattering. Let P(fl)dfl dt be the probability of scattering through an angular interval (/?,p+dp) (27) where the P,(p) are defined in Eq. (26).
The Monte Carlo integration of the wave kinetic equation proceeds as follows.13 (a) Choose a time At such that the total probability of all scattering through any angle, p, is small dP P&U =psi-p&l. (c) The effects of the fluctuations are now taken into account by a Monte Carlo procedure. Suppose the wave is a slow wave before scattering. Generate a random number X, from a uniform probability distribution on the interval CO, 11. With ps and PF defined in Eq. (28)) if O<X, <psa like-mode scattering: slow 4 slow wave, if PS~XAPS +pF* unlike-mode scattering: slow *fast wave, (29) if X,>ps+pF* no scattering.
(d) If it is determined that no scattering occurs in step (c) t.hen one goes to (b) .
(e) If scattering is to occur, then denote the scattered wave is (T [determined according to Eq. (29)]. The random scattering angle /3 is then generated from the distribution
Finally, the scattered wave number k' is determined from Eq. ( 17)) with ] k; 1 being determined from the appropriate wave dispersion relation and kll being fixed during the scattering process (c), (e). Explicitly, in standard toriodal coordinates, k+ k' with13
k;pkyva) r and b is the unit vector in the direction of the magnetic field b=BilBI.
An energy deposition profile can thus be determined for one particular realization of the random scattering process by iterating on steps (b)-(e) until a prescribed amount of wave absorption occurs (in the calculations reported here, the iterations are stopped after 99% of the initial wave energy is absorbed by the plasma). The average energy deposition profile is obtained after performing J realizations of the random scattering process. In the limit J-CO, At-O, a Monte Carlo solution to the wave kinetic equation (23) is obtained.
It is important to note that. while kll is conserved during the scattering process itself, steps (c) and (e), X-1, will be modified by both toroidal effects and magnetic shear during the integration step (b) .
Ill. LOWER HYBRID WAVE SCATTERING
A. Lower hybrid wave propagation On including both electromagnetic and warm plasma effects, the local plasma dispersion relation for LH wave propagation is given by19
The coefficient p6 arises from thermal effects 302.v2 3J w2p2 p6=-pp-+e C' 4&a, 2 ' (34) and gives rise to the ion plasma wave branch. Here, vu, i is the ion thermal speed and pB is the eiectron gyroradius. s,zl+3-3, ,,,+3-> L-e and eii are the x-y cross terms (with the local magnetic field in the z direction)
The parallel and perpendicular refractive wave indices are defined by q=ck,, /co, n~=ck*/w.
While the toroidal ray-tracing code will automatically handle the question of accessibility of the LH wave into the plasma, it seems appropriate to give the theoretically determined bounds on the parallel wave number for LH wave propagation n,(r) <yl <ui(~).
Here, n,(r) is the Six-Golant lower limit2' (37) %2(r) = qg+ [I +NoW ( -+-K(@&)] 1'2, (38) where the magnetic field B. is in Tesla, the electron density No(r) in lOI cmm3, w/297 in GHz and K= N,@m/Nomi. Here, Zi is the ion charge (of mass mi and density Ni) and mp is the proton mass. The upper limit, neld( r), is determined by heavy electron wave Landau damping n&j(r) = [A/T,(r) I "2, (39) where the coefficient A has been determined from numerical computations20*2' A = 50, electron Landau damping, A = 60-80, quasilinear (plateau) wave damping.
(4.0) We now examine the effects of density and magnetic fluctuations on lower hybrid wave propagation. To be specific, we consider wave propagation in an Alcator-C Modlike deuterium plasma with parameters given in Table I . The details of the model toroidal tokamak equilibrium can be found in Ref. 13 and so will not be presented here.
From experimental data,22 it has been determined that the density fluctuation spectrum S"(g) is well approximated by a Gaussian
Here, &' is the correlation length of the density fluctuations, and the spatial density fluctuation profile is assumed to be peaked at the plasma edge and has the form
Here, a,, and b, are parameters defined in Table II , and a is the plasma radius. On the otherhand, there is little experimental data on internal magnetic fluctuations in hot tokamaks. For simplicity, we shall assume that the magnetic fluctuation Table I ). (a) Electron power, (b) electron power density, and (c) collisional power deposition profiles for an. The cross section is partitioned into 41 equally spaced radial bins and the vertical axis units are (a), (c) MWibin per 1 IvfW incident wave for power deposition; and (b) MW cm-'/bin per 1 MW incident wave for power density deposition-i.e., the power density deposition profiles are just the power in each bin/bin volume. The dashed curves are the profiles assuming no plasma fluctuations. The Sn curves (dashed curves with open diamonds) are the profiles for 10% edge density fluctuations with spectral properties listed in Table II . The SB, curves (dashed curves with closed diamonds) are the protiles for 10% edge density fluctuations and edge magnetic fluctuation 1eveIs down by lo-+ from that of the density fluctuations, Eq. (46). The SB, curves (solid curve) are similar to the 6R, curves, except now the magnetic fluctuations are peaked internally within the plasma at r/a=O.6. The fluctuation spectra are assumed to have a correlation wave number of 15 cm ', so that &a= 3 15. There is substantial difference in the SB, and SB, curves, which is must apparent in the power density profiles, (b). There is also strong collisional loss if edge magnetic fluctuations are present, (c), The truncated peak in the SB, profile arises from the somewhat coarse grid of 41 radial bins, wave-number spectrum perpendicular to B. is isotropic and also given by a Gaussian s:ac4-> = & (fjf&XP(-g-).
(43)
Here, [;i is the perpendicular correlation length of the magnetic fluctuations. The spatial magnetic fluctuation profile is assumed to have a similar form to I& (42):
where the parameters ab, bb, and rb are specified in Table  II . Typically, density fluctuations are peaked at the plasma edge but it is believed that magnetic fluctuations may be more peaked in the plasma interior rather than at the edge. Hence, we will consider two specific spatial magnetic fluctuation profiles: case SBI: magnetic fluctuation spectrum peaked at the edge: rb=a, case SB2: internal magnetic fluctuation spectrum peaked at rb =0.6a,
and their effects on LH wave propagation.
We shall consider the average power density deposited to the electrons as a function of radius for polodal launch angle 8-270" (rays launched from the bottom of the tokamak) or 8=0" (rays launched from the low-field side). Averages are performed over 100 Monte Carlo iterations and the radial power density deposition is calculated by dividing the plasma cross section into 41 radial shells and determining the power per unit volume in each radial shell. It will sometimes be convenient to consider the electron power profile-this is just the power absorbed by the electrons in a given radial shell. The ray paths are followed by integrating the wave kinetic equation, Eq. (23), until 99% of the incident wave power has been deposited into the plasma. For the particular parameters under discussion here, we find negligible power deposition to the ions while there can be substantial collisional power loss near the plasma edge. First consider a poloidal launch angle 0=270" and a perpendicular correlation wave number of 15 cm-'. This is typical of the correlation lengths detected in Alcator-A. Thus g@= 3 15. For simplicity, we shall assume a similar magnetic fluctuation correlation length. In Fig. 1 (a) , we plot the radial electron power deposition, and the corresponding power density in Fig. 1 (b) . From Fig. 1 (a) , we see that fluctuations tend to broaden out the power over most of the cross section. Moreover, from Fig. 1 (b) , it is evident that more power density is deposited to the central electrons if internal magnetic fluctuations are presentcase G&-as compared to both the absence of magnetic fluctuations-case &z-or if the magnetic fluctuations are peaked at the plasma edge-case SB,. Note also that there is substantially more collisional losses if magnetic fluctuations are present and peaked at the plasma edge, Fig. 1 (c) . It should be remembered that in all our calculations the strength of magnetic to density fluctuations is assumed to be 
a level that seems reasonable and possibly detectable experimentally by microwave scattering23 in hot tokamaks. The effect of longer fluctuation correlation lengths on lower hybrid wave propagation at 8= 270" is considered in Fig. 2 . If only density fluctuations were present (Sn), then there is a strong enhancement of electron power density deposition near the center. This is clearly seen by comparing Figs. 1 (b) and 2. There is no longer a pronounced difference when magnetic fluctuations are present or if the magnetic fluctuation spectrum is peaked internally (SB,) or at the edge (SB,) . Moreover, the longer correlation lengths lead to a lower collisional power loss at the plasma edge by about a factor of 3.
In Fig. 3 , we consider LH wave propagation for an initial ray angle of 8=0" for 15 cm-' fluctuation correlation wave number. If there were no fluctuations in the plasma we find a very strong enhancement in central electron power deposition for initial ray angle f3=0" over that for 8 = 270", cf. Figs. 3 (a) and 1 (a) . This strong enhancement is destroyed by plasma fluctuations. There is also a marked difference in both electron and collisional power deposition depending on whether the magnetic fluctuations are peaked at the edge (SB, ) or peaked internally (SB,).
On the other hand, there is no significant difference between the case of just density fluctuations (Sn) and that in which there are also internal magnetic fluctuations (SB,) present together with these density fluctuations [ Fig. 3 (b) ].
If the fluctuation correlation length is doubled for initial ray angle of 8=0", Fig. 4 , then the difference in power density deposition due to magnetic fluctuations peaked at the edge, SB,, and those peaked internally, SB2, and where they are peaked is diminished. This was also the case for initial ray angle of 8= 270" and a correlation wave number of 7.5 cm-' (Fig. 2) .
C. Validity of the Monte Carlo solution
We shall first consider the effects of the size of our ensemble in solving the wave kinetic equation, Eq. (23).
Figures l-4 were determined from averages over 100 Monte Carlo samples. We have run the case a&= 3 15 (i.e., correlation wave number of 15 cm-') and initial ray angle 8=270" for 500 Monte Carlo iterations and present the statistical comparisons in Fig. 5 . This case was chosen because of the strong effect on power deposition of magnetic fluctuations peaked internally at r/a=0.6 over that where the magnetic fluctuations were peaked at the plasma edge, r/u= 1.0. We conclude from 
Here, A,,,, can be related '" to the scattering length A, which is defined to be the distance the wave must propagate in order that its wave vector k, be rotated through angle of 90". Here, A, is determined in the following way I3 (we present the details for like-mode scattering, but one proceeds in the same way for unlike-mode scattering): in Eq. (22) 
is an eigenfunction of the wave kinetic equation (22) Table I ). 
Ott,24 using the direct interaction approximation (DIA)25 to the wave scattering problem, has shown that the use of the random phase approximation in weak turbulence theory is valid provided 
on using Eq. (47). Typically, it has been found13 that the conditions Eq. (53) are violated near the slow-fast wave mode conversion point since in this region V,-+O, i.e., ;1,-+0. However, the divergence of the scattering probability is logarithmic at this point and so we have introduced a numerical cutoff procedure in which the right hand side of Fq (23) is set to zero when & < ;I,,,
IV. FLUCTUATIONS AND HARD X-RAY INTENSITY MEASUREMENTS
During LH current drive, the wave parameters are so chosen that the launched waves can be absorbed by the electrons. The electron distribution function will then develop a very energetic suprathermal tail. The collisions of these suprathermal electrons with the bulk plasma ions gives rise to a continuum of bremsstrahlung radiation in the form of hard x rays.26 These hard x rays are readily detected experimentally. In particular, for the JT-60 tokamak (see Table I Table I . Since an Abel inversion had to be performed, there is some uncertainty in the actual radial position of these x-ray data points.
of the radial hard x-ray emission spectra on the initial tzll of the launched LH wave. The data15 are from three radial chord positions for each such nil , Fig. 6 , after Abel transforms are performed on the emission signals.
If one assumes no density or magnetic fluctuations then the right-hand side of Eq. (23 ) is zero. Equation (23) is then readily integrated to give the power density deposition profile to the electrons, It should be noted that it is the electron power density deposition profile that is more correlated to the hard x-ray data rather than the volumeintegrated power profile. t.o the experimental data, Fig. 6 , and assuming no fluctuations, the electron power density deposition profiles are shown in Fig. 7 . Even allowing for a time lapse in which some spatial diffusion of the suprathermal electrons occurs before the emission of hard x rays from the bremsstrahlung collisions, it is still very difficult to correlate Fig. 7 with Fig. 6 -especially for the case of incident LH wave with initial n,1=2.88. To obtain electron power density profiles that resemble the hard x-ray data, we broadened the spatial density fluctuation prflle, Eq. shown in Fig. 9 for initial LH wave nil = 1.29, 1.93, and 2.88 with 1% edge density fluctuations. This low level of edge density fluctuations could be achieved if the tokamak was run in the divertor mode. While there is now better agreement with hard x-ray data over the case of no fluctuations, we find much better agreement if the plasma has a 10% edge density fluctuation level. This higher level of fluctuations is characteristic of tokamaks run in a limiter mode. With this level of density fluctuations, and neglecting magnetic fluctuations, the corresponding electron power density deposition profiles are shown in Fig. 10(a) . Keeping in mind that the experimental hard x-ray data is determined from an Abel inversion with its accompanying fuzziness in spatial resolution, we see excellent agreement with the experimental curves. If there are also some edge magnetic fluctuations present at the level specified by Eq. (46)) the SB, case, we obtain density profiles shown in Fig.  IO(b) , while if the magnetic fluctuations are peaked internally, the SB, case, the electron power density deposition profile is shown in Fig. 10(c) .
For Alcator-C-Mod plasmas, with the tokamak run in the limiter mode and 10% edge density fluctuations, the corresponding electron density deposition profiles have al- Fig. 11 one can readily conclude that hard x-ray profile measurements should be able to distinguish the SBf case from the others. It is also possible that the dominant peaks near the plasma center, r/a ~0.1 (SB, case for nll=2.0 and Sn case for nll=2.5), should be also distinguishable from hard x-ray emission.
V. CONCLUSIONS
We have extended the wave kinetic approach of Bonoli and Ott13 to now include the effects of both magnetic and density fluctuations on LH wave propagation in toroidal geometry. The effects of fluctuations on LH wave propa- da1 ray-tracing code. In these transport studies, fluctuation effects are necessarily excluded since the addition of the Monte Carlo code to solve the wave kinetic equation would render these studies computationally prohibitive.
The hard x-ray data from JT-60 is analyzed and interpreted as giving direct information on the fluctuations in the plasma. It is expected, from the results reported here, that similar hard x-ray data on Alcator-C-Mod could give some information on the magnetic fluctuation spectrum. This, together with a recently proposed mode-conversion electromagnetic scattering diagnostic, '" should give some insight on the level of internal magnetic fluctuations and aid in the establishment of the interconnection between fluctuations and transport.
